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Brief Review for Monitoring Linear Profile

A Motivation Example

A deep reactive ion etching (DRIE) process is a key operation in a
Micro-Electro-Mechanical System (MEMS) fabrication to form
desired patterns on semiconductor wafers. The desired profile is the
one with smooth and vertical sidewalls (the center on in Fig 1). The
positive and negative profiles are due to over- and under-etching.
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Brief Introduction of Control Chart

Statistical Process Control (SPC)

SPC is a powerful collection of problem-solving tools useful in
achieving process stability and improving capability through the
reduction of variability. SPC can be applied to any process. Its seven
major tools (magnificent seven) are

1 Histogram or stem-and-leaf plot

2 Check sheet

3 Pareto chart

4 Cause-and-effect diagram

5 Defect concentration diagram

6 Scatter diagram

7 Control Chart

(Montgomery, 2005, Fifth Edition, P148)
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Brief Introduction of Control Chart

How works (1)

For the Shewhart-X chart:
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Brief Introduction of Control Chart

How works (2)

In the view of Hypothesis testing:

H0 : Xi ∼ N(µ0, σ
2
0), i ≥ 1↔ H1 : Xi ∼

{
N(µ0, σ

2
0), 1 ≤ i ≤ τ,

N(µ1, σ
2
1), i > τ.
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Brief Introduction of Control Chart

The Shewhart X̄ Chart and Some Concepts

1 The first control chart—Shewhart X̄ chart
(Shewhart 1925, JASA)

2 The principle of Shewhart X̄ chart—3σ criterion

LCL = µ− l
σ0√
n
, CL = µ, UCL = µ+ l

σ0√
n

3 Signals, when X̄i > UCL or < LCL (for the case of σ1 = σ0).

4 Properties of Shewhart X̄ chart: very efficient for detecting
large shift.

5 Criterion for comparison—Average Run Length (ARL), which
is the expected number of samples before signal.

In-control ARL (Type I Error)— The larger, the better.
Out-of-control ARL (Type II Error)— The smaller, the better.

6 The Design of Parameter l (If ARL0=370.4, l = 3)
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Brief Introduction of Control Chart

Some Problems

1 The effect of nonnormal (Robust or nonparametric)

2 the effect of unknown process parameters µ and σ2

(Estimation & Self-starting)

3 How to use the information in the past observations
(Runs Rules, Adaptive)

4 How to detect the small or moderate shift
(Cumulative Sum, EWMA)

5 How to detect the interval shift
(Dual CUSUM, Combined Shewhart-CUSUM or EWMA)

6 How to detect the shift in variance (R, S , MR)
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Brief Introduction of Control Chart

Other control charts (1)

Shewhart Charts with/without Runs Rules T (k ,m, a, b):
k of the last m standardized sample means fall in the interval
(a, b). ( Champ & Woodall 1987, Technometrics)

Exponentially Weighted Moving Average (EWMA)
(Robert 1959, Lucas & Saccucci 1990, Technometrics)

Yn = (1− λ)Yn−1 + λ(X̄n − µ),Y0 = 0.
Cumulative Sum (CUSUM)
(Page 1954, Biometrika; Hawkings & Olwell 1998)

S+
n = max{0,S+

n−1 +
X̄n − µ
σ/
√
n
− k}, S+

0 = 0,

S−n = min{0, S−n−1 +
X̄n − µ
σ/
√
n

+ k}, S−0 = 0.
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Brief Introduction of Control Chart

Other control charts (2)

Nonparametric Methods: Hodges-Lehmann, Bootstrap, Sign
statistics, Wilcoxon rank statistics,...(Chakraborti et al 2001,
JQT)

Adaptive Control Chart (�î�2002§A^VÇÚO)

Variable Sample Size (VSS)
Variable Sampling Interval (VSI) (Reynolds et al 1988, Tech.)
Variable Sample Size and Sampling Interval (VSSI)
VSI at Fixed Time (VSIFT, Reynolds 1996, JQT)
SPRT control chart (Stoumbos & Reynolds, 1997, JQT, 2001,
Nonlinear Ananlysis)
Adaptive EWMA (Capizzi & Masarotto 2003, Technometrics)
For correlated data (Reynolds, Arnold, & Baik (1996), JQT)

Self-starting Control Chart (Quesenberry 1991, JQT)

Dual CUSUM (Zhao, Tsung, Wang 2005, IIE Transactons)
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Brief Review for Monitoring Linear Profile

Kang & Albin (JQT 2000)

Modelµyij = A0j + A1jxi + εij , εij ∼ N(0, σ2
j ), i = 1, · · · , n,

Combined EWMA and R chart:{
zj = θēj + (1− θ)zj−1, z0 = 0,

UCL = Lσ
√

θ
(2−θ)n , LCL = −Lσ

√
θ

(2−θ)n ,

{
Rj = maxi (eij)−mini (eij),
UCL = σ(d2 + Ld3), LCL = σ(d2 − Ld3),

where eij is the residual of yij ’s LSE.
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Brief Review for Monitoring Linear Profile

Kim, Mahmoud & Woodall (2003, JQT)

Modelµyij = B0 + B1x
∗
i + εij , i = 1, · · · , n, where

B0 = A0 + A1x̄ , B1 = A1, x
∗
i = xi − x̄ (code data).{

ZI (j) = θ b0j + (1− θ)ZI (j − 1), ZI (0) = B0

UCL = B0 + LIσ
√

θ
(2−θ)n , LCL = B0 − LIσ

√
θ

(2−θ)n{
ZS(j) = θb1j + (1− θ)ZS(j − 1), ZS(0) = B1

UCL = B1 + LSσ
√

θ
(2−θ)Sxx

, LCL = B1 − LSσ
√

θ
(2−θ)Sxx

ZE (j) = max
{
θ ln(MSEj) + (1− θ)ZE (j − 1), lnσ2

0

}
,

ZE (0) = lnσ2
0,

UCL = LE

√
θ

1−θVar[ln(MSEj)],
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Brief Review for Monitoring Linear Profile

MEWMA (Zou, Tsung, & Wang Tech 2007)

Modelµ
Yj = Xjβ + εj , j = 1, 2, . . . .

Signalµ
Uj = W′

jΣ
−1Wj > L

λ

2− λ
,

where Wj = λZj + (1− λ)Wj−1, Zj(β) = (β̂j − β)/σ,

Zj(σ) = Φ−1
{
χ2
(
(n − p)σ̂2

j /σ
2; n − p

)}
, β̂j = (X′X)−1X′Yj ,

σ̂2
j = 1

n−p (Yj − Xβ̂j)
′(Yj − Xβ̂j).

The Estimator of Change pointµ

τ̂ = arg
0≤t<k

max{lr(tn, kn)}.
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Brief Review for Monitoring Linear Profile

MEWMA (Zou, Tsung, & Wang Tech 2007)

Diagnostic Statisticsµ(i = 2, . . . , p)

Ttest =

√
(k − τ̂)n(β̃

(1)
τ̂ ,k − β

(1))

σ̃τ̂ ,k
, χ2

test =
[(k − τ̂)n − p]σ̃2

τ̂ ,k

σ2
,

F
(i)
test : (k − τ̂)

(
β̃

(i)
τ̂ ,k − β

(i)
)2/

mii σ̃
2
τ̂ ,k > Fα(p − 1, (k − τ̂)n − p,R) i = 2, · · · , p,

where mii s are diagonal elements of M = (X′X)−1,

R = diag{m−
1
2

11 , · · · ,m
− 1

2
pp }Mdiag{m−

1
2

11 , · · · ,m
− 1

2
pp }, is the

correlation matrix for β̂ (For multivariate F , see Kotz et
al .(2000). Continuous Multivariate Deistributions).
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Brief Review for Monitoring Linear Profile

The Chart based on Change point for unknown parameters(Zou,
Zhang, & Wang 2006, IIE Transactions)

ModelµThe coded model (Kim et al 2003) with unkown
parameters, but there are m IC historical data.

Standardized LRT statistic:

slr(k1n, kn) =
lr(k1n, kn)− E [lr(k1n, kn)]√

Var [lr(k1n, kn)]
,

where

lr(k1n, kn) = −2(l0 − l1) = kn ln[σ̂2
kn(σ̂2

k1n)−
k1
k (σ̂2

k2n)−
k2
k ].
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Brief Review for Monitoring Linear Profile

The Chart based on Change point for unknown parameters(Zou,
Zhang, & Wang 2006, IIE Transactions)

The plotted statistic for LRT chart is

slrmax,m,k = max
m≤k1<k

slr(k1n, kn).

If slrmax,m,m+t > hm,t , an out-of-control signal is given.

The plotted statistic for EWMA chart is

Ymax(m, t) = max
m≤j<m+t

Yj(m, t),

where Yj(m, t) = max
(

0, λ · slr(jn, kn) + (1− λ) · Yj−1(m, t)
)

,

Ym−1(m, t) = 0. If Ymax(m, t) > hm,t , then an alarm is
triggered.
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Brief Review for Monitoring Linear Profile

The Chart based on Change point for unknown parameters(Zou,
Zhang, & Wang 2006, IIE Transactions)

The Control Limit: (Hawkins, Qiu, & Kang, 2003, JQT)
For a given false alarm probability (FAP) α, the control limit of
our EWMA, hm,t(α) can be obtained by solving the following
equations:

Pr
(
Ymax(m, t) > hm,t(α)

∣∣∣Ymax(m, i) ≤ hm,i (α), 1 ≤ i < t
)

= α, t > 1,

Pr
(
Ymax(m, 1) > hm,1(α)

)
= α.

The estimation of change-point τ is

τ̂ = arg
m≤k1<k

max{slr(k1n, kn)}.
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Brief Review for Monitoring Linear Profile

The Chart based on Change point for unknown parameters(Zou,
Zhang, & Wang 2006, IIE Transactions)

The diagnostic Statistics:

Ilr (τ̂) = kn ln

[
1 +

k1k2(ȳk1n − ȳk2n)2

k(k1σ̂2
k1n

+ k2σ̂2
k2n

)

]
,

σlr (τ̂) = kn ln

[
k1σ̂

2
k1n

+ k2σ̂
2
k2n

k
(σ̂2

k1n)−
k1
k (σ̂2

k2n)−
k2
k

]
,

Slr (τ̂) = kn ln

[
1 +

k1k2( 1
k1
Sxy(k1n) − 1

k2
Sxy(k2n))2

nSxx [k(k1σ̂2
k1n

+ k2σ̂2
k2n

) + k1k2(ȳk1n − ȳk2n)2]

]

can be used to detect the shifts in intercept (B0), standard
deviation σ, and slope (B1).
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Brief Review for Monitoring Linear Profile

The Self-starting chart with unknown parameters(Zou et al 2007
JQT)

ModelµKang & Albin’s (2000) model with unknown
parameters§but there are m IC historical data.

The Standardized Recursive Residuals for the future samples are
defined by (i = 1, 2, · · · , n, j = m + 1,m + 2, · · · )

eij =
y(j−1)n+i − z ′iβ(j−1)n+i−1√

S(j−1)n+i−1(1 + z ′i (X′(j−1)n+i−1X(j−1)n+i−1)−1zi )

{wij} is defined as

wij = Φ−1
[
T(j−1)n+i−3

(
eij
)]
.
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Brief Review for Monitoring Linear Profile

The Self-starting chart with unknown parameters (Zou et al 2007
JQT)

The Plotted Statistics:

EWMAIS(j) = λ
√
nw̄j + (1− λ)EWMAIS(j − 1),

EWMAσ(j) = max
(

0, λ
sw j − 1√

2
+ (1− λ)EWMAσ(j − 1)

)
,

where w̄j = 1
n

n∑
i=1

wij and swj = 1
n−1

n∑
i=1

(wij − w̄j)
2
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Brief Review for Monitoring Linear Profile

Nonparametric Regression (Zou, Tsung, and Wang, 2008,
Technometric)

Model

yij = g (xij) + εij , i = 1, · · · , n j = 1, 2, · · · ,

where x1 ≤ x2 ≤ · · · ≤ xn and xi varies in the interval [0, 1], g is
a known linear or nonlinear function, ε is iid from N(0, σ2).

Hypothesis

H0 : g = g0 σ = σ0 ←→ H1 : g 6= g0 σ = σ0.
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Brief Review for Monitoring Linear Profile

Nonparametric Regression (Zou et al. 2008, Technometric)

GLR statistic

lr =
1

σ2
0

n∑
i=1

[
(yi − g0(xi ))2 − (yi − ĝ(xi ))2

]
,

where ĝ(x) =
∑n

i=1 Wni (x)yi (see Fan et al 2001, Ann Statist)

Wni (x) = Uni (x)
/ n∑

j=1

Unj(x),

Unj(x) = Kh(xj − x) [mn2(x)− (xj − x)mn1(x)] ,

mnl(x) =
1

n

n∑
j=1

(xj − x)lKh(xj − x), l = 1, 2,
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Brief Review for Monitoring Linear Profile

Nonparametric Regression (Zou et al. 2008, Technometric)

The vector-matrix form

lr =
1

σ2
0

[
(Y − G0)⊗ − (Y −WY)⊗

]
,

where G0 = (g0(x1), g0(x2), · · · , g0(xn))T ,
Y = (y1, y2, · · · , yn)T , W = (Wn(x1),Wn(x2), · · · ,Wn(xn))T ,
Wn(xi ) = (Wn1(xi ),Wn2(xi ), · · · ,Wnn(xi ))T , and A⊗ means
ATA.

the null distribution of lr
Fan et al (2001, Ann Statist) proved that the asymptotic null
distribution of lr are independent of nuisance functions and
approximately distributed as a scaled χ2.

Our difficulty
The small sample distribution of lr depends on g0.
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Brief Review for Monitoring Linear Profile

Nonparametric Regression (Zou et al. 2008, Technometric)

The transformed data and GLR
Transform each profile data set, {yi , xi}ni=1, to
{yi − g0(xi ), xi}ni=1, the hypothesis is equivalent to

H0 : g = 0, σ = σ0 ↔ H1 : g 6= 0, σ = σ0.

The GLR statistics are

lrz = Z⊗ − (Z−WZ)⊗ = ZTVZT ,

where V = WT + W −W⊗, zi = (yi − g0(xi ))/σ0 and
Z = (z1, z2, · · · , zn)T . Under H0 and some conditions,

lrz
L→N(µz , σ

2
z ),

µz = 2
h

(
K (0)− 1

2

∫
K 2(t)dt

)
, σ2

z = 8
h

∫ (
K (t)− 1

2K ∗ K (t)
)2

dt.
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Brief Review for Monitoring Linear Profile

Nonparametric Regression (Zou et al. 2008, Technometric)

For Monitoring the profile

Zj = (Yj − G0)/σ0,

where Yj = (yj1, yj2, · · · , yjn)T .

For Monitoring the variance
Based on (Fan et. al. 2001, Ann Statist)

σ̂2
j =

1

n
(Z−WZ)⊗ = σ2

j + Op(n−
1
2 ) + Op(n−1h−

1
2 ),

the monitoring statistics for variance are

σ̃j = Φ−1
{
ψ
(
nσ̂2

j ; I− V)
}
,

where ψ(·; A) is the null CDF of nσ̂2
j .
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Brief Review for Monitoring Linear Profile

Nonparametric Regression (Zou et al. 2008, Technometric)

The calculation of ψ(·; A)
The null distribution of nσ̂2

j is the linear combination of

independent χ2
1-variates with coefficients given by the

eigenvalues of (I− V) (For proof, see Box 1954(Ann Math
Statist), for algorithm, see Imhof 1961 (Biometrika))
du·�Ø7|^Ù°(/ª§�=|^�Ùn�ãÝ���
=�(Imhof 1961, Azzalini & Bowman 1993, JRSS)

The EWMA charting statistics

Ej = λUj + (1− λ)Ej−1 j = 1, 2, · · · ,

where Uj = (ZT
j , σ̃j)

T , Σ = diag(V, 1).
The chart signals if

Qj = E′jΣEj > L
λ

2− λ
.
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Brief Review for Monitoring Linear Profile

Some remarks

The form of our proposed NEWMA chart is similar to that in
Zou, Tsung, and Wang (2007, Technometrics)

We do not considered their correlation between Zj and σ̃j in the
matrix Σ.

If g0 is unknown, we can use the Phase I in-control data to
estimate it.

The normal distribution of εij is used for motivating our
proposed method only and is not necessary in asymptotic theory
(only need to satisfy E [εij ] = 0 and E (|εij |4) <∞). However,
it’s useful for evaluating ψ(·;A).
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Monitoring Profile Based on Nonparametric
Regression

Guideline on design for the nonparametric regression

The smoothing parameter: λ =0.2

The kernel function K (·): The GLR test does not depend on
the structures of the smoothing procedure (Fan et al. (2001)).
Our simulated results also show this point of view. We use

KE (u) =
3

4
(1− u2)I (|u| ≤ 1).

Bandwidth: The data-driven bandwidth methods (CV or GCV)
may not be appropriate for our on-line monitoring problem. We
use the empirical bandwidth:

hE = c ×

(
1

n

n∑
i=1

(xi − x̄)2

) 1
2

n−
1
5 ,

where x̄ =
∑n

i=1 xi and c ∈ [1, 2] is a constant.Zhaojun Wang (�î�), www.math.nankai.edu.cn/˜zjwang �®�Æ, 2010c7�7F
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Brief Review for Monitoring Linear Profile

The diagnostic aids

Identify the change point: The change point τ is estimated as

τ̂ = arg
0≤t<k

max{lr(tn, kn)}.

Under some conditions, such as 0 < limk→∞ τ/k = θ < 1, and
nh5 = O(1), for the following two types of OC models:
(i) g(u) = g0(u) + ∆n(u), where ∆n(u) has a continuous second

derivative and its rate satisfies nh
∫ 1

0 ∆2
n(u)f (u)du →∞ as

n→∞. (ii) σ = δσ0, where the size of shift δ satisfies

n
1
2 |δ − 1| → ∞ as n→∞. We have

|τ̂ − τ | = Op(1).
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Brief Review for Monitoring Linear Profile

The diagnostic aids

Detect whether the shift in variance occurs: The statistics
and acceptance region are

ψ−1
1 (

α

2
; I− V, k−τ̂) <

k∑
j=τ̂+1

ZT
j (I−V)Zj < ψ−1

1 (1− α

2
; I−V, k−τ̂)

where ψ1(·; A, l) is the CDF of the sum of l independent random
variables ZTAZ and correspondingly ψ−1

1 (α; A, l) is the α
percentile of the ψ1(·; A, l) distribution.
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Brief Review for Monitoring Linear Profile

The diagnostic aids

Detect the shift in the regression function: The test statistic

1

(k − τ̂)

 k∑
j=τ̂+1

Zj

T

V

 k∑
j=τ̂+1

Zj

 > ψ−1(1− α; V)

is used to detect if the regression function shifted, where
ψ−1(α; A) is the α percentile of the distribution of quadratic
form ZTAZ.

Detect the changed part of regression curve: We suggest
plotting the nonparametric smoothing curve of the average of
(k − τ̂) sample profiles, say 1

k−τ̂
∑k

j=τ̂+1 WYj , and the IC profile
model together.
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Monitoring Profile Based on Mixed Effect Model

Background and Motivation(Qiu, Zou, Wang, 2009, Technometrics)

In the literature, most profile monitoring control charts require a
fundamental assumption that random errors within a profile are i.i.d.,
which is often invalid in applications. As an example, within-profile
data in the deep reactive ion etching (DRIE) example exhibit obvious
serial correlation over time.

The Phase I Model

The Nonparametric Mixed Effect (NME) model is

yij = g(xij) + fi (xij) + εij , for j = 1, 2, . . . , ni , i = 1, 2, . . . ,m,

where g is the population profile function (i.e., the fixed-effects
term), fi is the random-effects term describing the variation of the
i-th individual profile from g , {xij , yij}nij=1 is the i-th sample collected
for the i-th profile, and εijs are i.i.d. random errors with mean 0 and
variance σ2.
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Monitoring Profile Based on Mixed Effect Model

The Estimation in NME Model

For g(s) and fi (s), s ∈ [0, 1]: LLME is obtained by minimizing
the following penalized local liner kernel likelihood function:

m∑
i=1

 1

σ2

ni∑
j=1

[yij − zTij (β + αi )]2Kh (xij − s) + αT
i D−1αi + ln |D|+ ni ln(σ2)

 ,

where Kh(·) = K (·/h)/h, K is a symmetric density kernel
function, h is a bandwidth, zTij = (1, xij − s), β is a deterministic
two-dimensional coefficient vector, and αi ∼ (0,D) is a
two-dimensional vector of the random effects.
(LLME is proposed by Wu and Zhang (2002, JASA) by
combining linear mixed effects modeling and local linear kernel
smoothing for the longitudinal data.)
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Monitoring Profile Based on Mixed Effect Model

The Estimation in NME Model

After obtain estimation of β and αi , we have

ĝ(s) = eT1 β̂(s), f̂i (s) = eT1 α̂i (s),

and

γ̂(s1, s2) =
1

m

m∑
i=1

f̂i (s1)f̂i (s2), for any s1, s2 ∈ [0, 1],

σ̂2 =
1

m

m∑
i=1

1

ni

ni∑
j=1

[yij − ĝ(xij)− f̂i (xij)]2,

where e1 = (1, 0)T , γ(x1, x2) = E [fi (x1)fi (x2)].
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Monitoring Profile Based on Mixed Effect Model

The Iterative procedure for evaluating the estimation

Step 1. Set the initial values for D and σ2, denoted as D(0) and σ2
(0).

Step 2. At the k-th iteration, for k ≥ 0, compute estimates of β and
αi by solving the so-called mixed-model equation (cf., Davidian and
Giltinan 1995; Wu and Zhang 2002), and the resulting estimates are
denoted as

β̂
(k)

= {
m∑
i=1

ZT
i ΣiZi}−1{

m∑
i=1

ZT
i Σiyi}

α̂(k)

i = {ZT
i KiZi + σ2

(k)[D(k)]−1}−1ZT
i Ki (yi − Zi β̂

(k)
),

where Zi = (zi1, . . . , zini )
T , yi = (yi1, . . . , yini )

T ,
Σi = (ZiD(k)Z

T
i + σ2

(k)K
−1
i )−1 and

Ki = diag{Kh(xi1 − s), . . . ,Kh(xini − s)}.
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Monitoring Profile Based on Mixed Effect Model

The Iterative procedure for evaluating the estimation

Step 3. Based on β̂
(k)

and α̂(k)

i , update D and σ2 by

D(k+1) =
1

m

m∑
i=1

α̂(k)

i [α̂(k)

i ]T

σ2
(k+1) =

1

m

m∑
i=1

1

ni
[yi − Zi (β̂

(k)
+ α̂(k)

i )]TKi [yi − Zi (β̂
(k)

+ α̂(k)

i )].

Step 4. Repeat Steps 2-3 until the following condition is satisfied:

‖D(k) −D(k−1))‖1

/
‖D(k−1)‖1 ≤ ε,

where ε is a pre-specified small positive number (e.g., ε = 10−4), and
||A||1 denotes the sum of absolute values of all elements of A. Then,
the algorithm stops at the k-th iteration.
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Monitoring Profile Based on Mixed Effect Model

The Estimation in NME Model

The initial value: A simple but effective method is to set D(0)

to be the identity matrix and

σ2
(0) =

1

m

m∑
i=1

1

ni

ni∑
j=1

[yij − ĝ (P)(xij)]2,

where ĝ (P)(xij) is the standard local linear kernel estimator
constructed from the pooled data

The Properties: Under some conditions, we have

(i) ĝ(s1) = g(s1){1 + Op[m−
1
2 + O(h2)]};

(ii)

γ̂(s1, s2) = γ(s1, s2){1 + Op[h2 + (nh)−
1
2 + m−

1
2 + (mnh3)−

1
2 ]};

(iii) σ̂2 = σ2{1 + Op[h2 + (nh)−
1
2 + m−

1
2 + (mnh3)−

1
2 ]}.

Zhaojun Wang (�î�), www.math.nankai.edu.cn/˜zjwang �®�Æ, 2010c7�7F

http://202.113.29.3/~zjwang


Monitoring Profile Based on Mixed Effect Model

Phase II Nonparametric Profile Monitoring

For Phase II Monitoring, we have to face two major issues:

Amount of computation for on line monitoring;

The response is observed at different design points in different
profiles.

To overcome the above difficulties, at any point s ∈ [0, 1], we
consider the following weighted local likelihood:

WL(a, b; s, λ, t) =
t∑

i=1

ni∑
j=1

[yij − a− b(xij − s)]2Kh (xij − s)
(1− λ)t−i

ν2(xij)
,

where λ is a weighting parameter and ν2(x) = γ(x , x) + σ2 is the
variance function of the response.
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Monitoring Profile Based on Mixed Effect Model

Phase II Nonparametric Profile Monitoring

The local linear kernel estimator of g(s), defined as the solution to a
of the minimization problem mina,b WL(a, b; s, λ, t), has the
expression

ĝt,h,λ(s) =
t∑

i=1

ni∑
j=1

U
(t,h,λ)
ij (s)yij

/
t∑

i=1

ni∑
j=1

U
(t,h,λ)
ij (s),

where

U
(t,h,λ)
ij (s) =

(1− λ)t−iKh(xij − s)

ν2(xij)

[
m

(t,h,λ)
2 (s)− (xij − s)m

(t,h,λ)
1 (s)

]
,

m
(t,h,λ)
l (s) =

t∑
i=1

(1− λ)t−i
ni∑
j=1

(xij − s)lKh(xij − s)/ν2(xij), l = 0, 1, 2.

when λ = 0, the resulting estimation is similar to the GEE estimation
(Lin and Carrol, 2000, JASA)
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Monitoring Profile Based on Mixed Effect Model

Phase II Monitoring Statistics

For testing the hypothesis H0 : g = 0↔ H1 : g 6= 0, a natural
statistic would be

Tt,h,λ = c0,t,λ

∫
[ĝt,h,λ(s)]2

ν2(s)
Γ1(s)ds,

where ct0,t1,λ = a2
t0,t1,λ

/bt0,t1,λ, at0,t1,λ =
t1∑

i=t0+1
(1− λ)t1−ini , bt0,t1,λ =

t1∑
i=t0+1

(1− λ)2(t1−i)ni , and Γ1 is some pre-specified density function.

In practice, we suggest using the following discretized version:

Tt,h,λ ≈
c0,t,λ

n0

n0∑
k=1

[ĝt,h,λ(sk)]2

ν2(sk)
,

where {sk , k = 1, . . . , n0} are some pre-specified i.i.d. design points.
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Monitoring Profile Based on Mixed Effect Model

The Asymptotic Properties of Tt,h,λ

Theorem 1 Under some conditions, we have

(i) If nih is bounded (for each i), then

(Tt,h,λ − µ̃h) /σ̃h
L−→ N(0, 1),

where µ̃h =
∫

[K(u)]2du
h

∫ Γ1(x)
Γ2(x)dx , σ̃2

h =
2
∫

[K∗K(u)]2du
h

∫ Γ2
1(x)

Γ2
2(x)

dx .

(ii) If nih→∞(for each i), then
1

d0,t,λ
Tt,h,λ

D∼ 1

n0
ζTζ,

where dt0,t,λ =
∑t1

i=t0+1(1− λ)2(t1−i)n2
i /bt0,t,λ, and

ζ ∼ Nn0(0,Ω), where Ω =


γ(s1,s1)
ν2(s1)

. . .
γ(s1,sn0 )

ν(s1)ν(sn0 )
...

. . .
...

γ(sn0 ,s1)

ν(sn0 )ν(s1) . . .
γ(sn0 ,sn0 )

ν2(sn0 )

 .
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Monitoring Profile Based on Mixed Effect Model

The Asymptotic Properties of Tt,h,λ

Some Remarks: The asymptotic distribution of Tt,h,λ depends
on whether nih is bounded; Ω may not be positive definite.

The OC model is

yij =

{
g0(xij) + fi (xij) + εij , if 1 ≤ i ≤ τ
g1(xij) + fi (xij) + εij , if i > τ

where τ is an unknown change point, and g1(x) = g0(x) + δ(x)
is the unknown OC regression function.

Some notations:

ζδ =

∫ [
δ(u) +

h2η1

2
δ′′(u)

]2
Γ1(u)

ν2(u)
du, η1 =

∫
K (t)t2dt,

ζ1 =

∫
δ2(u)

Γ1(u)γ(u, u)

ν2(u)
du, ζ2 =

∫
[δ′′(u)]2Γ1(u)du.
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Monitoring Profile Based on Mixed Effect Model

The OC Asymptotic Properties of Tt,h,λ

Theorem 2 Under some conditions, we have

(i) If nih is bounded for each i , c0,t,λnhζ1 → 0, then

(Tt,h,λ − µ̃h − c0,t,λζδ) /σ̃h
L−→ N(0, 1);

(ii) If nih is bounded for each i , ζ2 → 0, then Tt,h,λ has nontrivial

power (i.e., greater than the nominal level) when δ ∝ c
−4/9
0,t,λ and

h = O(c
−2/9
0,t,λ ).

(iii) If nih→∞ for each i , then

1

d0,t,λ
Tt,h,λ

D∼ 1

n0
ζTζ,

where ζ ∼ Nn0(δ,Ω), where δ = [δ(s1), . . . , δ(sn0)]T .
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Monitoring Profile Based on Mixed Effect Model

Some Remarks

The Iterative Calculation of ĝt,h,λ(s):

ĝt,h,λ(s) =
[
M(t,h,λ)

]−1
{

(1− λ)2M(t−1,h,λ)ĝt−1,h,λ +
[
q̃

(t,h)
0 m

(t,h,λ)
2 −

−q̃(t,h)
1 m

(t,h,λ)
1

]
+ (1− λ)

[
q

(t−1,h,λ)
0 m̃

(t,h)
2 − q

(t−1,h,λ)
1 m̃

(t,h)
1

]}
,

where M(t,h,λ)(s) = m
(t,h,λ)
2 (s)m

(t,h,λ)
0 (s)− [m

(t,h,λ)
0 (s)]2,

q
(t,h,λ)
l (s) = (1− λ)q

(t−1,h,λ)
l (s) + q̃

(t,h)
l (s),

m
(t,h,λ)
l (s) = (1− λ)m

(t−1,h,λ)
l (s) + m̃

(t,h)
l (s),

m̃
(t,h)
l (s) =

nk∑
j=1

(xtj − s)lKh(xtj − s)/ν2(xtj),

q̃
(t,h)
l (s) =

nk∑
j=1

(xtj − s)lKh(xtj − s)ytj/ν
2(xtj).
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Monitoring Profile Based on Mixed Effect Model

Some Remarks

The size of m and ni : To attain the desirable IC distribution
properties, we recommend to use IC data with ni ≥ 40 and
m ≥ 80.

The choice of bandwidth: For the Phase I model, the CV
method by combining leave-one-subject-out and
leave-one-point-out (Wu and Zhang 2002) is used; For the
Phase II model, we suggest using the following empirical
bandwidth formula,

hE =

 c1n
− 1

5

(
n∑

i=1
(xi − x̄)2/n

) 1
2

for balanced design

c2[ñ(2− λ)/λ]−1/5
√
Var(x) for random design,

where ñ and Var(x) are the averaged number of design points
and the variance of design points within a profile, respectively,
constants c1, c2 ∈ [1, 2].
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Monitoring Profile Based on Mixed Effect Model

Some Remarks

The choice of λ: Traditionally, a larger λ leads to a quicker
detection of larger shifts. However, in the mixed-effect modeling,
this is not true, the reason is the common profile g is needed to
estimate. From Theorems 1 and 2, the λ cannot be chosen too
large. Empirically, we suggest choosing λ ∈ [0.02, 0.1].

The choice of {sk , k = 1, 2, . . . , n0}: Based on our numerical
experience, selection of {sk , k = 1, 2, . . . , n0} does not affect
performance of our chart much, as long as n0 is not too small
and sks cover all the key parts of g0. (n0 ≥ 40)
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Monitoring Profile Based on Mixed Effect Model

Simulation Study

Parameters: m = 500, n = 200. IC ARL=200, Kernel
K (x) = 0.75(1− x2)I (−1 ≤ x ≤ 1), ni = 20, xij ∼ U(0, 1),
sk = (k − 0.5)/n0, n0 = 40, τ = 30, c2 = 1.5, λ = 0.1.

Competitor: The control chart based on fixed-effects modeling
for monitoring nonparametric profiles as an alternative method,
denoted as FENPC. In this case, fi = 0, ν2(x) = σ2.

IC model:

(I) :fi (xij) = 0; (III) : fi (xij) = bαi cos(2πxij);

(II) :fi (xij) = bαixij ; (IV) : [fi (xi1), . . . , fi (xin)]T ∼ b · Nn(0,Σ),

where αi , i = 1, 2, . . . , are independent standard normal random
variables, Σ = (ρjk) and ρjk = 0.2|xij−xik |, b is a constant.

OC model:

(i) : g1(x) = 2θ(x − 0.5); (ii) : g1(x) = θ sin(2π(x − 0.5)).
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Simulated Results For IC ARL

Table: IC ARL and SDRL values of charts MENPC and FENPC.

Model (I) Model (II) Model (III) Model (IV)
b ARL SDRL ARL SDRL ARL SDRL ARL SDRL

0.25 205 203 196 197 198 199 206 208
MENPC 0.50 205 203 201 200 195 194 208 204

1.00 205 203 193 190 194 194 206 205

0.25 199 197 110 109 170 172 38.3 34.0
FENPC 0.50 199 197 29.8 29.2 105 104 21.5 20.0

1.00 199 197 8.48 8.29 35.5 34.6 15.1 14.2
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Simulated Results For OC ARL

OC Model (i) OC Model (ii)
θ MENPC FENPC MENPC FENPC

0.20 130 (1.36) 139 (1.48) 85.3 (0.83) 100 (0.98)
0.30 80.5 (0.78) 98.0 (0.99) 40.5 (0.32) 52.2 (0.46)
0.40 48.6 (0.42) 62.6 (0.59) 22.3 (0.15) 29.0 (0.21)

IC model (II) 0.60 20.7 (0.13) 28.4 (0.20) 10.6 (0.05) 13.1 (0.06)
0.80 12.1 (0.06) 16.0 (0.09) 6.81 (0.03) 8.57 (0.03)
1.20 6.64 (0.02) 8.43 (0.03) 4.06 (0.02) 5.14 (0.02)
1.60 4.60 (0.02) 5.82 (0.02) 2.93 (0.01) 3.71 (0.01)
2.00 3.51 (0.01) 4.49 (0.01) 2.33 (0.01) 2.96 (0.01)
0.20 131 (1.38) 162 (1.73) 68.3 (0.64) 121 (1.25)
0.30 81.0 (0.79) 121 (1.26) 31.2 (0.24) 65.7 (0.60)
0.40 48.1 (0.42) 81.2 (0.76) 17.6 (0.11) 34.2 (0.25)

IC model (III) 0.60 21.4 (0.14) 33.3 (0.24) 9.05 (0.04) 14.4 (0.06)
0.80 12.4 (0.06) 17.7 (0.09) 6.02 (0.02) 9.14 (0.03)
1.20 6.59 (0.03) 9.04 (0.03) 3.70 (0.01) 5.39 (0.02)
1.60 4.51 (0.02) 6.10 (0.02) 2.68 (0.01) 3.92 (0.01)
2.00 3.43 (0.01) 4.71 (0.01) 2.20 (0.01) 3.15 (0.01)
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Monitoring Profile Based on Mixed Effect Model

Case Study

Data set (Walker and Wright 2002, JQT): This dataset is from
a manufacturing process of particle boards, whose density
properties are critical to their machinability and therefore require
careful control and monitoring. Density readings are collected by
a laser device at fixed vertical depths of a board. So,
observations from a single board can be regarded as a profile. In
the dataset, there are 24 profiles. In each profile, design points
are fixed at xj = 0.002× j , for j = 0, . . . , 313.
The data exhibit a significant amount of positive autocorrelation.

Existing work: Walker and Wright (2002) compare multiple
VDP profiles using additive modeling and smoothing splines.
Williams et al. (2007) focus on the Phase I analysis using
nonlinear regression curve estimation.

IC data As Williams et al. (2007) Pointed out the 15th profile
is an outlier, the remaining 23 profiles are used as the IC data.
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Monitoring Profile Based on Mixed Effect Model

Case Study

Figure 1: The resulting estimation of g .
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Monitoring Profile Based on Mixed Effect Model

Case Study

Figure 2: The estimated correlation functions ρ(1, ·), and ρ(157, ·).
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Monitoring Profile Based on Mixed Effect Model

Case Study

Figure 3: The estimated variance functions ν2(x).
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Monitoring Profile Based on Mixed Effect Model

Case Study

Figures 1-3 show us there is strongly correlation within-profile. To
demonstrate our proposed method, we assume g shifts from g0 = ĝ
to g1(x) = x and f1(x) = cos(2πx), respectively, at time τ = 23, and
choose sk = xk , k = 1, 2, · · · , 314. The IC ARL is fixed at 370. The
simulated OC ARL is 9.33 and 14.30, respectively.
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Conclusions & Considerations

Conclusions
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Thank you all for your attention!

Any question or comment?

Welcome to Nankai!!
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